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Optimal Low-Thrust Escape Trajectories Using Gravity Assist

Lorenzo Casalino,¤ Guido Colasurdo,† and Dario Pastrone‡

Politecnico di Torino, 10129 Turin, Italy

Electric propulsion provides a spacecraft with continuous steering capabilities, which can be used to approach
a planet with hyperbolic excess velocity that enhances the gravity assist. Low-thrust trajectories to escape from
the solar system are considered in the present paper, which searches for the strategy that maximizes the spacecraft
energy for assigned payload and engine operating time. The optimal conditions to escape using electric propulsion
and gravity assist are presented for the cases of free-height and minimum-height � ybys. Optimal trajectories
that exploit Jupiter or Venus � ybys have been computed for constant exhaust power with either constant or
variable speci� c impulse; the procedure is also able to determine the optimal power level and to suggest when it
is convenient to switch the engine on and off. The bene� t that system performance can receive by increasing the
number of controls, i.e., by adding the possibility of coast arcs and engine throttling to the thrust direction control,
is also noted.

Introduction

T HE � rst mission of the New Millenium Program, Deep Space
1, has recently begun; the spacecraft uses an ion thruster for

primary propulsion.Other more ambitious missions aimed at deep-
space exploration will probably use electric propulsion in the near
future. The thrust accelerationwill be comparable to the solar grav-
itational acceleration as the missions cannot last too many years
(i.e., revolutionsaroundthe sun). In these cases the simpleststeering
strategies, which use either thrust parallel to the spacecraft veloc-
ity or perpendicular to the sun-spacecraft direction, produce rather
poor system performance in comparison to the steering strategies
that are suggestedby direct or indirectoptimizationprocedures.The
authorspreferandcurrentlyuse the indirectapproach;thisoptimiza-
tion techniquehas already been applied to this kind of trajectory1¡3

and guarantees excellent numerical accuracy. The convergence of
the numerical procedure is not dif� cult, as related problems usu-
ally arise for very low thrust levels that are typical of geocentric
trajectories.

The opportunities of exploiting a gravity assist en route to deep
space must be considered.4 Electric propulsion adds steering capa-
bilities, which should be used to approach the planet with the best
direction for the gravity assist; this possibility is precluded in the
simplest steering strategies and is not usually considered in the ap-
plications of indirect optimization procedures. This paper presents
the equations and conditions that must be satis� ed by a trajectory
that makes optimal use of both propellant and gravity assist. The
patched-conic approach is adopted, but the spacecraft trajectory is
analyzedonly in theheliocentricreferenceframe,as theelapsedtime
inside the planets’ spheres of in� uence is neglected and � ybys are
considered as discontinuitiesbetween powered heliocentric arcs.5

The use of a nuclear power source is mandatory during deep-
space missions; a constant-powertrajectory is related to this kind of
mission. The mass of the power source, which reduces the payload,
is roughly proportional to the exhaust power. The optimal value
of the power level is determined, with the engine operation, using
constant thrust magnitude (and speci� c impulse), analyzed � rst.
A constant-powerengine that can be throttled (i.e., that uses the best
combinationof thrustmagnitudeandspeci� c impulse at any instant)

Received 18 March 1997; revision received 4 January 1999; accepted for
publication 24 February 1999. Copyright c° 1999 by the American Institute
of Aeronautics and Astronautics, Inc. All rights reserved.

¤Researcher, Dipartimento di Energetica, Corso Duca degli Abruzzi, 24.
Member AIAA.

†Professor, Dipartimento di Energetica, Corso Duca degli Abruzzi, 24.
Senior Member AIAA.

‡Associate Professor, Dipartimento di Energetica, Corso Duca degli
Abruzzi, 24. Member AIAA.

is then considered.As the thruster life is generallytime-limited,6 the
possibilityof a temporary engine switch-off is taken into account; it
may be useful to save propulsive resources and exploit them under
better circumstances, for instance, after the � yby, when the gravity
assist has increased the spacecraft velocity.

A rather simple mission is considered so as to avoid the peculiar
characteristicsof a too complexmission that couldaffect the discus-
sion of the main topics of the present analysis.These topics concern
thebene� t arisingfrom thepossibilityof steeringthe spacecraftup to
the time of the � yby and judiciouslythrottling the engine.The same
bene� ts pertain to both nuclear and solar propulsion;for the sake of
simplicity a nuclear (i.e., constant-power) generator is assumed. A
spacecraft with an assigned payload ratio leaves the Earth’s sphere
of in� uence with a � xed hyperbolic excess velocity; the maximum
heliocentric speci� c energy after an assigned engine operating time
is determined. The planets’ orbits around the sun are assumed to
be circular and coplanar. The problem becomes independentof the
departure time, and the optimal trajectory is accordinglycomputed.
The initial phase angle between the relevant planets, i.e., the depar-
ture time, is found a posteriori.However, this approximation could
be removed, and only a minor complexity would be added to the
boundaryconditions.5 The simpli� ed approach is preferred here, as
the comparison of different control modes is unaffectedby the time
length of the trajectory that moves the spacecraft from the Earth to
the planet that provides the gravity assist.

The optimal conditions for more complex missions using high-
thrust propulsionhave recentlybeen presented.5;7 The discussionof
the optimal conditions, which are substantially independent of the
propulsion system, is here only summarized to pay greater attention
to the analysis of the optimal controls that are peculiar of electric
propulsion.The preliminaryresultsof a work in progressconcerning
missions to near-Earth asteroids show that the same technique can
successfully deal with time-constrained nonplanar problems using
either nuclear or solar electric propulsion.

Statement of the Problem
The present analysis considers the heliocentric phase of an in-

terplanetary mission; for the sake of simplicity, the planets’ or-
bits are considered to be circular and coplanar. All variables are
made nondimensional by assuming the radius of Earth’s orbit
rref D 1 AU D 149:6 £ 106 km, the corresponding circular velocity
vref D 29:785 km/s, and the spacecraft initial mass as reference val-
ues. The objectiveof the optimizationprocedure is to maximize the
� nal value of the spacecraft speci� c energy, when the engine op-
erating time ¿ and payload mu are assigned. The spacecraft leaves
the Earth’s sphere of in� uence with an assigned magnitude of the
hyperbolic excess velocity v10; its direction is instead subject to
optimization.
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The equations of motion of the spacecraft under the in� uence of
its thrust T and the sun’s gravitationalacceleration g(r) are

Pr D v; Pv D g C T=m; Pm D ¡T=c (1)

where the propellant mass-� ow rate is expressed by the ratio of the
thrust magnitude to the exhaust velocity c.

To apply the theory of optimal control, the Hamiltonian function

H D ¸T
r v C ¸T

v . g C T=m/ ¡ ¸m T=c (2)

is de� ned. The problemis autonomous,and H is piecewise constant
(it may experience jumps where state variables or controls are dis-
continuous). Different control modes are considered in the paper;
the thrust direction is always used to improve system performance;
and the exhaust power P D T c=2 and the exhaust velocity c consti-
tute two additional controls when the thruster can be switched off
or continuously throttled, respectively.The Euler­ Lagrange condi-
tions provide adjoint equations for the problem

P̧ T
r D ¡¸T

v G; P̧ T
v D ¡¸T

r ; P̧
m D ¸T

v T m2 (3)

where G.r/ is the gravity-gradientmatrix @g=@r.

Boundary Conditions
The trajectory is divided into arcs by the points where state or

control variables experience jumps; the boundary conditions at the
arc junctions are obtained by means of the following expressions8;9

(subscripts¡ and C distinguish the values just before and after the
junction):

H j¡ C @’

@t j¡

C ¹T @Â

@t j¡

±t j¡ D 0 (4)

H jC ¡ @’

@t jC

¡ ¹T @Â

@t jC
±t jC D 0 (5)

¸T
j¡

¡ @’

@x j¡

¡ ¹T @Â

@x j¡
±x j¡ D 0 (6)

¸T
jC C @’

@x jC

C ¹T @Â

@x jC
±x jC D 0 (7)

whereÂ is thevectorof theconstrainingequationsand’ the function
that must be maximized. In this case ’ D C E f D C .v2

f =2 ¡ 1=r f /
is an arbitrary multiple of the spacecraft energy at the � nal point
(subscript f ). The necessary optimum conditions, which are ob-
tained by applying Eqs. (4­ 7), have been presented by the authors
in previous papers3;5;7 and are summarized here.

At the initial point (subscript 0) the position vector r0 D r© , the
magnitude of the hyperbolic excess velocity .v0 ¡ v©/2 D v2

10 , and
the nondimensional initial mass m0 D 1 are assigned. Necessary
optimum conditionsstate that ¸v0 must be parallel to the hyperbolic
excess velocity; ¸r0 and ¸m0 are free. The unspeci� ed value of the
constant C is used to make the tangential component of ¸v0 unity.

The radiusis assigned,and themagnitudeof the hyperbolicexcess
velocity is the same just before and after a � yby (subscript i ); for
instance, in the case of the Jupiter ( ) � yby, riC D ri¡ D r and
.viC ¡v /2 D .vi¡ ¡v /2. If a minimum-height � yby is performed,
a condition on the velocity turn is added

vT
1C v1¡ D ¡cos 2Áv2

1¡
(8)

where

cos Á D
v2

p

v2
1¡ C v2

p

(9)

and v1§ D vi§ ¡ v and vp is the circular velocity at the minimum
allowable distance from the planet. Equations (6) and (7) state that
¸vi must be parallel to the hyperbolic excess velocity just before

and after the free-height � yby; its magnitude is continuous. On the
contrary, if a minimum-height � yby is performed, the component
¸?

vi , normal to the hyperbolic excess velocity, is constant, whereas
the parallel component ¸

k
vi is discontinuousaccording to

¸
k
viC D ¸

k
vi¡ C 2A¸?

vi¡ (10)

where

A D
dÁ

dv1¡
v1¡ (11)

In both cases ¸r i presents a free discontinuity,whereas ¸mi is con-
tinuous. Equations (4) and (5) are used to obtain transversalitycon-
ditions that implicitly determine the arc time lengths; they state the
Hamiltonian’s continuity across the � yby maneuver.

At the � nal point ¸v f must be parallel to the velocity, ¸r f to
the radius, and ¸T

r f v f C ¸T
v f g D 0. The � nal values of ¸m f and

H f depend on the control mode that has been considered, as is
shown in the next section.

Polar coordinates (r , # ) with radial and tangential velocity com-
ponentsareused in coplanarproblems.Throughoutthe presentanal-
ysis the planets move on circular orbits, and the most favorable
phase angle between them is always assumed; one is allowed to
pose t0 D #0 D 0 and to let the planet’s angular positionat the � yby
be unconstrained.The adjoint variable ¸# is zero during the whole
trajectory.

Optimal Controls
Pontryagin’s Maximum Principle states that the controls must

maximize the Hamiltonian; thus, the optimal thrust direction must
be parallel to the velocity adjoint vector ¸v , which is usually called
the primer vector.10 By remembering that T D 2P=c, Eq. (2) is
rewritten as

H D ¸T
r v C ¸T

v g C .2P=c/.¸v=m ¡ ¸m =c/ (12)

The additional controls P and c are made evident by Eq. (12); it
will be shown that optimal performance is produced by a bang-
bang control of the exhaust power, i.e., the thruster either operates
at its maximum power level P¤ or is switched off. For the sake
of simplicity, the engine ef� ciency, that is, the ef� ciency of the
conversion of the electrical power into beam power, is considered
to be constant, and the mass of the power source is considered to
be proportional to P¤ via the power source speci� c mass ¯ . The
payload is then expressed as

mu D m f ¡ ¯ P¤ D 1 ¡ m p ¡ ¯ P¤ (13)

where m f is the � nal mass and m p the propellantmass. The propel-
lant tank mass is neglected; however, it could easily be taken into
account.4

Constant Exhaust Velocity
When the thrustercanoperateonlywith constantexhaustvelocity,

Eq. (12) is usually written in the form

H D ¸T
r v C ¸T

v g C T ST (14)

where

ST D ¸v=m ¡ ¸m =c (15)

To maximize the Hamiltonian according to Pontryagin’s Maximum
Principle, thrust and exhaust power must assume their maximum
values when the switch function ST is positive, whereas they must
be set to zero when ST < 0.

If the maximum exhaust power is assigned, the propellant mass
is

m p D .T=c/¿ D .2P¤=c2/¿ (16)
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and the required payload, via Eq. (13), prescribes the exhaust
velocity

c D 2P¤¿

1 ¡ mu ¡ ¯ P¤
(17)

The constraint on the engine operating time is enforced by means
of the same Eq. (13), which is rewritten as

m f D mu C ¯ P¤ (18)

In this case, the � nal mass is assigned,and ¸m f is free. No constraint
is explicitly posed on the � nal time, and one obtains H f D 0; this
condition is equivalent to ST f D 0 because of the other boundary
conditions at the end point.

The � nal time is actually free, and the optimal solution would
imply an in� nite number of negligibly short thrust arcs. Numerical
examples search for the best solution corresponding to an assigned
switching structure,that is, an assignedsequenceof thrust and coast
arcs. In particular, two cases are considered: the continuous use of
thrust and the insertion of a single coast arc between two full-power
arcs. In the latter case the application of Eqs. (4) and (5) states the
necessary continuity of the Hamiltonian at the arc junctions,which
is assured by enforcing ST D 0 there. It is necessary to remark that
the switching structure must also consider the � yby position; in the
examples the last or unique powered phase is actually split into two
powered arcs by the � yby.

The optimizationprocedure can also furnish the optimal value of
the beam power, i.e., the mass of the power source: it is suf� cient to
consider P¤ as an additional state variable that is constant over the
whole trajectory.An adjoint variable is then introducedwhose time
derivative is null during the coast arc (P D 0); during the propelled
arcs (P D P¤ ),

P̧
P D ¡ @ H

@ P¤
D ¡ ¸v

m

c.1 ¡ mu ¡ 2¯ P¤/

2P¤¿
¡ ¸m

¯

¿
(19)

is obtained by taking Eq. (17) into account. As the initial value for
P¤ is unconstrained,¸P0 D 0. Equation (18) now contains two state
variables and produces the necessary condition for optimality:

¸P f C ¯¸m f D 0 (20)

Variable Exhaust Velocity
If the thruster can be continuouslythrottled, the exhaust velocity

becomes an additionalcontrolvariable; its optimal value is obtained
by nullifying the Hamiltonian partial derivative with respect to c
itself. One obtains2

c D 2m¸m=¸v (21)

which maximizes the Hamiltonian as the second partial derivative
of H with respect to c is easily found to be unconditionallynegative.
Equation (12) can be written in the form

H D ¸T
r v C ¸T

v g C P SP (22)

Table 1 Escape trajectories using Jupiter � yby

Mission Steering Coast E f 1EF B P¤ c Is (s)

1s TkV No 0.3250 0.1647 0:02068a 2:105a 6391a

1 Optimal No 0.3670 0.2190 0:02068a 2:105a 6391a

2 Optimal No 0.3671 0.2191 0:02096b 2:130a 6467a

2c Optimal Yes 0.3943 0.2231 0:02167b 2:192c 6655c

3 Optimal No 0.4738 0.3011 0:02071b 1.067­15.822d 3240­48039d

3c Optimal Yes 0.5312 0.2900 0:02071b 0.960­3:786d 2915­11495d

aAssigned. bOptimal. cOptimal, constant. dOptimal, variable.

where

SP D ¸2
v

2m2¸m

(23)

The switch function SP is always positive, but the Appendix shows
that the presence of a coast arc may improve the solution when the
time constraint concerns the engine operating time instead of the
overall time length of the trajectory.

The optimization procedure does not strictly conform to the Ap-
pendix. The switching structure is preliminarily assigned also in
this case. Equation (18) is now not suf� cient to constrain the engine
operating time, and a time constraint is explicitly imposed (t f D ¿ ,
if the thruster cannot be turned off; t f ¡ t2C C t1¡ D ¿ , if a coast
arc is inserted between points 1 and 2). Both ¸m f and H f are free
(and SP f 6D 0). The application of Eqs. (4) and (5) states that the
Hamiltonian is discontinuous, and SP D SP f at the arc junctions,
where the engine is switched off or on.

The optimal value of the maximum exhaust power P¤ could be
found by the procedure also in this case; the ¸P time derivative
during the propelled arcs is now

P̧
P D ¡ @H

@ P¤ D ¡SP (24)

The boundaryconditionsare again ¸P0 D 0, togetherwith Eqs. (18)
and (20). However, the optimal power depends only on mu and ¯ :
in fact, it can easily be shown that P¤¸P C m¸m and m2¸m are � rst
integralsof the motion, i.e., are constantduring the whole trajectory.
Therefore, P¤¸P f C m f ¸m f D ¸m0 and m2

f ¸m f D ¸m0. By consid-
ering Eqs. (18) and (20), one obtains m2

f D mu , and, consequently,
the optimal power P¤ D [

p
.mu/ ¡ mu ]=¯ . This value is known a

priori, and Eq. (24) is actually not integrated.
One should also note that the thrust acceleration T=m D P¤¸v=

.m2¸m / is proportionalto the primer (m2¸m is constant), as has been
found by Prussing1 and Kechichian.2

Numerical Examples
The boundary-value problem that arises from the application of

the theory of optimal control is solved by means of a shooting
procedure11 that exploits the numerical integrationof the sensitivity
equations. The solver ef� ciency is improved by a particular treat-
ment of the interior boundary points that allows the simultaneous
optimization of the whole trajectory instead of matching separately
optimized arcs. The solver is very accurate; the optimal solution is
achievedwith an eight-digitprecision in about10 iterationsand 20 s
using a high performance PC if the initial guess is close enough to
allow the convergenceof the procedure.The convergence is in fact
easilyobtainedwhen the solutionof a similar problemis known, that
is, once the solution for any mission of a new class has been found.

Two numerical examples (i.e., two classes of mission) are pre-
sented. The � rst one employs a Jupiter � yby to escape from the
solar system; the technological level necessary for such a mission
is beyond the present capabilities. The engine operating time is
¿ D 10¼ (5 years); other data are mu D 0:5, v10 D 0:1 (2.98 km/s),
and ¯ D 10 (about 57 kg/kW). Different control modes are com-
pared; the results are summarized in Table 1. The second example
deals with a Venus � yby and assumes a lower technological level
(¿ D 4¼ , ¯ D 25); only the best solution is presented.

In the � rst example a constant speci� c impulse and a continuous
use of the thruster is initially considered.The optimal strategy (mis-
sion 1) is compared to a simple strategy, which, during mission 1s



640 CASALINO, COLASURDO, AND PASTRONE

(s for simple), minimizes the thrust misalignment losses by apply-
ing the thrust parallel to the spacecraft velocity. The exhaust power
and velocity are P¤ D 0:02068 (corresponding to 0.55 W of ex-
haust power per kg of spacecraft initial mass) and c D 2:105, which
are the best values for the nonoptimal strategy. Figure 1 shows the
thrust and velocity directions during the missions. The thrust di-
rection control is largely used before the � yby, to approach Jupiter
with a relative velocity that improves the energy increment 1EF B

receivedfrom the planet; after the encounterthe thrust is maintained
parallel to the velocity.The aim of the optimal strategy is evident in
Fig. 2; steering capabilitiesare used to search for the best approach
instead of maximizing the energy increment before the intercept;
and an earlier � yby provides the additionalbene� t of longer engine
operation with higher spacecraft velocities. The optimal trajectory
(Fig. 3) keeps the spacecraft closer to the sun in order to reduce
gravitational losses and anticipate the intercept time.

The improvementprovided by the optimal P¤ (case 2 in Table 1)
is limited, as the optimal power level is close to the value of case 1.
Better results derive from the introduction of a coast arc, which is

Fig. 1 Thrust ’T and velocity ’V directions during missions 1 and 1s.

Fig. 2 Energy increment during missions 1 and 1s.

Fig. 3 Comparison of escape trajectories using Jupiter � yby (see
Table 1).

suggested by an examination of the switch function pro� le during
mission 1 (Fig. 4); the improved mission 2c (c for coast) exploits
the thrust only when the switching function is positive. The possi-
bility of turning the engine off in the proximity of the � rst aphelion
lowers the following perihelion (see Fig. 3; £ marks are used here
and in the following � gures to identify the extremitiesof a coast arc)
and reduces gravitational losses. Figure 4 also shows that the � yby
occurs after a shorter operating time, and a larger amount of propel-
lant can be pro� tably used after the gravity assist has increased the
spacecraft velocity. One should note that the engine is switched off
and on at the same distance from the sun (r D 1:99).

If the engine is continuously operated with variable exhaust ve-
locity (case 3), low thrust (i.e., high speci� c impulse) is exploited
at the highest radii; high thrust is instead more convenient when
the spacecraft is close to the sun in order to reduce gravitational
losses. However, it is opportune to switch off the engine (case 3c)
in the proximity of the � rst aphelion passage, where thrust would
be extremely low. Some features of this trajectory are highlighted
in Fig. 5. The engine is turned off and on again at the same distance
from the sun (r D 2:03), where c takes the same value.

Table 1 highlightsthe twofold advantageof an adjustablespeci� c
impulse (cases 3 and 3c); the optimal use of the available power in-
creases the energygain directly,and indirectly,via a better approach
to Jupiter and a more ef� cient � yby. In both cases constraining the
periapsis of the planetocentrichyperbola to about 140,000 km, cor-
responding to a circular velocity vp D 1, has been necessary. Dur-
ing a minimum-height � yby, the steering capabilities of electrical
propulsion could be used inside the planet’s sphere of in� uence to
increase the turn angle provided by gravitation.

The estimated operative life of a present-technology electric
thruster is lower than � ve years; two years are assumed in the second
example, together with a larger value of the power source speci� c
mass (¯ D 25, correspondingto 141 kg/kW). The attainableenergy
increment is not suf� cient to reach Jupiter’s orbit directly (Fig. 6).
The escape energy can instead be obtained by performing a Venus
� yby (Fig. 7). Other characteristicsof the optimal mission are pre-
sented in Figs. 6, 8, and 9. The engine is � rst used to increaseenergy

Fig. 4 Bene� t of the additional coast arc during mission 2c.

Fig. 5 Optimal exhaust-velocity control during mission 3c.
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Fig. 6 Escape trajectory using Venus � yby.

Fig. 7 Energy increment provided by Venus � yby.

Fig. 8 Velocity direction ’V and optimal thrust direction ’T for escape
using Venus � yby.

Fig. 9 Optimal exhaust-velocity control for escape using Venus � yby.

and aphelionbut is also necessary to lower the perihelionin order to
intercept Venus’ orbit; the thrust direction is gradually misaligned
to rotate the velocity vector and eventually to decrease the space-
craft energy. A coast arc is present at intermediate radii, as it is
not convenient to rotate a high velocity vector; the engine is again
turnedon at low radii,when thrust can ef� cientlybe used to increase
the spacecraftenergy.The exhaust velocity assumes the same value
when the engine is turned off and on, but, in this case, the distance
from the sun is not the same. A minimum-height � yby is performed
with vp D 0:25, corresponding to about a 6400-km periapsis.

Conclusions
The trajectory of a spacecraft that uses electric propulsion and

gravity assist for a deep-spacemission has been analyzed. The nec-
essary conditions for optimality have been presented; in particular,
the analysis has shown that a power-limited propulsion system re-
quires a bang-bang control if the time constraint concerns the oper-
ative life of the thruster instead of the mission time length.

The optimal power level that maximizes the spacecraft speci� c
energy for an assigned payload ratio and engine operating time
is easily found using this procedure. It is expressed by a simple
algebraic relation between the payload and the power source mass
in the case of a thruster that can be continuously throttled.

Numerical examples involving Jupiter or Venus � ybys have been
presented and used to quantify the bene� t of increasing the num-
ber of control variables, that is, by augmenting the thrust vector
control with the capabilities of adjusting the exhaust velocity and
temporarily switching off the thruster.

Appendix: Coast Arcs
The usefulnessof coast arcs when the engine operates with vari-

able speci� c impulse is shown in this Appendix. The constraint on
the engine operating time is written as

t f

0

±.P/ dt D ¿ (A1)

where the function ±.P/ is null when the engine is turned off (P D
T D 0) and otherwise unity. This kind of constraint is treated12 by
introducing the constant multiplier ¸0 and adding ¸0± to Eq. (22).
The Hamiltonian function becomes

H 0 D H C ¸0± D ¸T
r v C ¸T

v g C P SP C ¸0±.P/ (A2)

The application of Pontryagin’s Maximum Principle states that a
bang-bang control is optimal; the control must be set to zero even
though SP is positive,but P¤ SP C ¸0 is negative; and the maximum
value P¤ is otherwiseoptimal.As no constraintis explicitlyimposed
on the � nal time in this Appendix, H 0

f D 0, and one easily obtains
¸0 D ¡P¤ SP f . Maximum power is therefore used when SP ¡ SP f

is positive; unpowered arcs are required in the opposite case.
This controllawis peculiarbecauseof theconstrainton the engine

operatingtime. A differentand well-known result1;2 is obtainedalso
by means of this analysis if the overall time length of the mission
is instead constrained. The function ± is always unity and does not
intervene in the optimization. The power level depends only on
the sign of SP , and maximum power is always required when the
engine can be operated with a variable speci� c impulse as ¸m and
SP are positive during the whole mission.
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